Abstract. Suppose that M is a countably decomposable type II 1 von Neumann algebra and A is a separable, non-nuclear, unital C * -algebra. We show that, if M has Property Γ, then the similarity degree of M is less than or equal to 5. If A has Property c * -Γ, then the similarity degree of A is equal to 3. In particular, the similarity degree of a Z-stable, separable, nonnuclear, unital C * -algebra is equal to 3.
Introduction
Kadison's Similarity Problem for a C * -algebra A in [15] asks whether every bounded representation ρ of A on a Hilbert space H is similar to a * -representation. i.e. whether there exists an invertible operator T in B(H), such that T ρ(·)T −1 is a * -representation of A. In [3] , Christensen proved that every irreducible bounded representation of a C * -algebra on a Hilbert space is similar to a * -representation. He also showed that every non-degenerate bounded representation of a nuclear C * -algebra is similar to a * -representation (also see [2] ). In [9] , Haagerup showed that every cyclic (or finitely cyclic) bounded representation of a C * -algebra on a Hilbert space is similar to a * -representation. From this, he concluded that, if A is a C * -algebra that has no tracial states, then every non-degenerate bounded representation of A is similar to a * -representation. It was also shown in [9] that a non-degenerate bounded representation ρ of a C * -algebra A on a Hilbert space H is similar to a * -representation if and only if ρ is completely bounded (also see [10] , [26] ).
From Haagerups' results, it follows that Kadison's Similarity Problem remains only open for C * -algebras with tracial states. Since a type II 1 von Neumann algebra always has tracial states, it is natural to consider Kadison's Similarity Problem for von Neumann algebras of type II 1 . In [5] , Christensen showed that Kadison's Similarity Problem for type II 1 factors with Property Γ has an affirmative answer.
In order to study Kadison' s Similarity Problem, Pisier in [18] introduced a powerful new concept, similarity degree of a unital C * -algebra, as follows. Suppose A is a unital C * -algebra. It has finite simiarity degree if there is α > 0 such that for some constant k (depending on α)
we have, for every bounded unital representation φ of A on a Hilbert space H, φ cb ≤ k φ α .
The infimum of the numbers α (if exists) for which this holds is defined to be the similarity degree of A. We denote it by d(A).
If there is no such pair (α, k), we define d(A) = ∞. It was shown in [18] that Kadison's Similarity Problem for a unital C * -algebra A has an affirmative answer if and only if d(A) < ∞.
The following is a list of some recent results on the similarity degrees of infinite dimensional unital C * -algebras. ( We have no intention to make the list complete.) (i) d(A) = 2 if and only if A is nuclear. ( [2] , [4] , [21] ) (ii) If there is no tracial state on A, then d(A) = 3. ( [9] , [20] ) (iii) If A is a type II 1 factor with Property Γ, d(A) ≤ 5, ( [20] ). This result was later improved in [6] [23] . Suppose M is a type II 1 von Neumann algebra with a predual M ♯ . Suppose σ(M, M ♯ ) is the weak- * topology on M induced from M ♯ . We say that M has Property Γ if and only if ∀ a 1 , a 2 , . . . , a k ∈ M and ∀ n ∈ N, there exist a partially ordered set Λ and a family of projections {p iλ : 1 ≤ i ≤ n; λ ∈ Λ} ⊆ M satisfying (i) For each λ ∈ Λ, p 1λ , p 2λ , . . . , p nλ are mutually orthogonal equivalent projections in M with sum I. (ii) For each 1 ≤ i ≤ n and 1 ≤ j ≤ k,
The first result we obtain in the paper is the following equivalent definition of Property Γ for a countably decomposable type II 1 von Neumann algebra, which gives an analogue of Murray and von Neumann's definition of Property Γ for a type II 1 factor. Proposition 3.5. Let M be a countably decomposable type II 1 von Neumann algebra and Z M be the center of M. Suppose τ is a center valued trace from M to Z M such that τ (a) = a for all a ∈ Z M . Then the following are equivalent.
(1) M has Property Γ.
(2) There exist a positive inter n 0 ≥ 2 and a faithful normal tracial state ρ on M such that, for any ǫ > 0 and elements a 1 , a 2 , . . . , a k ∈ M, there exists a family of orthogonal equivalent projections p 1 , . . . , p n 0 in M with sum I satisfying p i a j − a j p i 2 < ǫ for all i = 1, . . . , n 0 and j = 1, 2, . . . , k, where · 2 is the 2-norm induced by ρ. (3) There exists a faithful normal tracial state ρ on M such that, for any ǫ > 0 and elements a 1 , a 2 , . . . , a k ∈ M, there exists a unitary u ∈ M satisfying (i) τ (u) = 0 and (ii) ua j − a j u 2 < ǫ for all j = 1, 2, . . . , k, where · 2 is the 2-norm induced by ρ.
Next we are able to obtain an upper bound for the similarity degree of a countably decomposable type II 1 von Neumann algebra with Property Γ, which extends Theorem 13 in [20] . From Theorem 4.4, it follows that Kadision's Similarity Problem for a countably decomposable type II 1 von Neumann algebra with Property Γ has an affirmative answer.
The last main result we obtained in the paper is the following computation of the similarity degree for a class of C * -algebras. 
As a corollary, we get that if A is a minimal tensor product of two separable unital C*-algebras, one of which is nuclear and has no finite dimensional * -representations, then d(A) ≤ 3. In particular, the similarity degree of a Z-stable, non-nuclear, separable, unital C * -algebra is equal to 3. This gives a generalization of earlier results in [22] , [13] , [11] .
The paper is organized as follows. In section 2, we introduce notation and preliminaries. In section 3, we will give an equivalent definition of Property Γ for countably decomposable type II 1 von Neumann algebras. In section 4, we show that if M is a type II 1 von Neumann algebra with separable predual and Property Γ, then d(M) ≤ 5. In section 5, we prove that if the type II 1 central summand in the type decomposition of a von Neumann algebra M is a countably decomposable von Neumann algebra with Property Γ, then any bounded, σ(M, M ♯ ) to σ(B(H), B(H) ♯ ) continuous, unital homomorphism φ : M → B(H) is completely bounded and φ cb ≤ φ 3 . As a consequence of this result, we obtain that, if a separable unital C*-algebra A has Property c * -Γ, then d(A) ≤ 3.
Preliminaries
2.1. Similarity length and similarity degree of a unital C * -algebra. In this subsection, we recall Pisier's similarity length and similarity degree for a unital C * -algebra.
Definition 2.1. ( [19] ) A unital operator algebra A has finite similarity length at most l ∈ N if there exists a constant C such that, for any k ∈ N and any x ∈ M k (A), threre exist an n ∈ N and scalar matrices α 0 ∈ M k,n (C),
The length l(A) is defined to be the least possible l for which these conditions are fulfilled.
It was verified in [19] that the Kadison's Similarity Problem has a positive answer for a unital C * -algebra if and only if the C * -algebra has finite similarity length. 
We denote such infimum by d(A). If there are no such pairs
It was proved in [18] that the similarity degree and the similarity length of a unital C * -algebra (if they are finite) are the same integer. 
An equivalent definition of Property Γ for a type II 1 factor was given by Dixmier in [8] . Suppose A is a type II 1 factor with a trace τ . It has Property Γ if and only if, given ǫ > 0, elements a 1 , a 2 , . . . , a k ∈ A and a positive integer n, there exist orthogonal equivalent projections {p i : 1 ≤ i ≤ n} ⊂ A with sum I, such that
The following definition of Property Γ for a type II 1 von Neumann algebra was given in [23] :
is the weak- * topology on M induced from M ♯ . We say that M has Property Γ if and only if ∀ a 1 , a 2 , . . . , a k ∈ M and ∀ n ∈ N, there exist a partially ordered set Λ and a family of projections
It was proved in [23] 
Then M has Property Γ if and only if there exists a faithful normal tracial state ρ on M such that, for any ǫ > 0 and elements a 1 , a 2 , . . . , a k ∈ M, there exists a unitary u ∈ M satisfying (i) τ (u) = 0 and (ii) ua j − a j u 2 < ǫ for all j = 1, 2, . . . , k, where · 2 is the 2-norm induced by ρ.
Proof. (Part I) Suppose M has Property Γ. Fix n ≥ 2, ǫ > 0 and elements a 1 , a 2 , . . . , a k ∈ M. Then by Corollary 3.4 in [23] , there exist a faithful normal tracial state ρ and n equivalent orthogonal projections p 1 , p 2 , . . . , p n with sum I such that p i a j − a j p i 2 < ǫ/n for all i = 1, 2, . . . , n and j = 1, 2, . . . , k, where · 2 is the 2-norm induced by ρ.
Conversely, suppose that there exists a faithful normal tracial state ρ such that, for any ǫ > 0 and elements a 1 , a 2 , . . . , a k ∈ M, there exists a unitary u ∈ M satisfying (i) τ (u) = 0 and (ii) ua j − a j u 2 < ǫ for all j = 1, 2, . . . , k, where · 2 is the 2-norm induced by ρ. From the fact that M has separable predual, it follows M is countably generated. Thus, from the preceding argument, we know there exists a sequence {u i : i ∈ N} of unitaries in M satisfying
Since M has separable predual, by Propostion A.2.1 in [14] , there is a faithful normal representation π of M on the separable Hilbert space. Replacing M by π(M) in the following if necessary, we assume that M acts on a separable Hilbert space H.
By Lemma 2.4, relative to Z M , we obtain a direct integral decomposition M = X M s dµ over (X, µ) and we may assume that M s is a type II 1 factor with a trace τ s for every s ∈ X.
Since ρ is a faithful normal tracial state, by Lemma 2.5, we can further assume that there is a positive faithful normal tracial functional ρ s on M s for every s ∈ X such that
Therefore ρ s is a positive multiple of the trace τ s on M s for every s ∈ X. By Lemma 2.7, we may assume
In the following we will construct a family of unitaries {u
Therefore there exists a µ-null subset X 1 of X and a subsequence {u
Since ρ s is a positive multiple of τ s for every s ∈ X, (3.2) gives
where · 2,s is the 2-norm induced by τ s on M s . Again, there exists a µ-null subset X 2 of X and a subsequence {u (2) i } of {u
Continuing in this way, we obtain a µ-null subset X k of X and a subsequence {u
The argument in the preceding paragraph produces a subsequence {u
Since {b j (s) : j ∈ N} is SOT dense in the unit ball of M s , we get
(3.4) For each i ∈ N, from the Dixmier Approximation Theorem and the fact that τ (u i ) = 0, 0 is in the norm closure of the convex hull of {v * u i v: v is a unitary in M}. Therefore there exist a sequence of positive integers {k n ∈ N}, a family of positive numbers {λ
and a family of unitaries {v
By Proposition 14.1.9 in [16] , a is the essential bound of { a(s) : s ∈ X} for any a ∈ M. Note that {v
Now from (a), (b) and the Dixmier Approximation Theorem, we obtain that
Here Z 0 is a µ-null subset of X. for any ǫ > 0 and elements a 1 , a 2 , . . . , a k ∈ M, there exists a unitary u ∈ M satisfying (i) τ (u) = 0 and (ii) ua j − a j u 2 < ǫ for all j = 1, 2, . . . , k, where · 2 is the 2-norm induced by ρ.
Then, for any finite subset F of M, there exists a von Neumann subalgebra M 1 of M such that
Proof. We are going to prove the following claim first. = for all x ∈ M. Therefore, there exist a positive integer n and unitary elements v 1 , . . . , v n ∈ M such that for any x ∈ K, there is an element y in the convex hull of {v 1 xv * 1 , . . . , v n xv * n } satisfying y − τ (x) < ǫ. This finished the proof of the claim.
(Continue the proof of Lemma 3.4) Let F be a finite subset of M.
Let n 1 ∈ M, such that τ (u 1 ) = 0; u 1 x − xu 1 2 < 1, ∀ x ∈ F 1 ; and for any x ∈ F 1 , there is a y in the convex hull of {v
nt ∈ M, such that τ (u t ) = 0; u t x − xu t 2 < 1/t, ∀ x ∈ F t ; and for any x ∈ F t , there is a y in the convex hull of {v
nt }. Continuing the preceding process, we are able to obtain an increasing sequence {F t } ∞ t=1 of finite subsets of M and a sequence of unitaries
Let M 1 be the von Neumann subalgebra generated by {F t : t ≥ 1} in M and Z 1 be the center of M 1 . Suppose τ 1 be a center-value trace on M 1 such that τ 1 (a) = a, ∀ a ∈ Z 1 . Then ρ is still a faithful normal tracial state of M 1 . Since M 1 is countably generated, we know that (1) M 1 has a separable predual. Obviously, (2) F ⊆ M 1 ⊆ M.
We claim that (3) M 1 has Property Γ in the sense of Definition 3.1. Notice {F t } is an increasing sequence of subsets. We have, for each 1 ≤ t 1 < t < t 2 − 2, The following lemma will be needed in the next section. 
Similarity degree of type II 1 von Neumann algebras with Property Γ
Let us recall the definition of similarity length of a unital C * -algebra as given in [20] .
Definition 4.1. ( [20] ) Let A be a unital C * -algebra. Fix n ∈ N. For each x ∈ M n (A) and d ∈ N, we denote
where the infimum runs over all possible representations
It is clear that, for any
. It was shown in [20] that x (1,A) ≤ n x for any x ∈ M n (A).
Before we prove the main theorem of this section, we need the following lemmas. 4 . Suppose p is a projection in M such that there exist a µ-null subset X 0 of X and projections {p i,s ∈ M s : 2 ≤ i ≤ n, s ∈ X} satisfying {p(s), p 2,s , . . . , p n,s } is a family of n orthogonal equivalent projections in M s for all s ∈ X \ X 0 . Then there exist n − 1 projections p 2 , . . . , p n in M such that {p, p 2 , . . . , p n } is a set of n orthogonal equivalent projections in M.
Proof. We let X 0 be a µ-null subset of X and {p i,s ∈ M s : 2 ≤ i ≤ n, s ∈ X} be projections satisfying p(s), p 2,s , . . . , p n,s are n orthogonal equivalent projections in M s for all s ∈ X \ X 0 .
Let K be a separable Hilbert space and {U s : H s → K} be a family of unitaries as in Remark 2.6. Denote by B the unit ball of B(K) equipped with the * −strong operator topology. Then B is metrizable by setting
for any S, T ∈ B, where {e j : j ∈ N} is an orthonormal basis for K. The metric space (B, d)
is complete and separable. For each i, j ∈ {1, 2, . . . , n}, let B ij = B. Let C = n i,j=1
B ij provided with the product topology of the * −strong operator topology on each B ij . It follows that C is metrizable and it is a complete separable metric space. By Lemma 2.7, suppose {a We will denote by (s, (E 11 , E 12 , . . . , E 1n , E 21 , . . . , E 2n , . . . , E nn )) an element in X × C. It is easy to see that the maps (s, (E 11 , E 12 , . . . , E 1n , E 21 , . . . , E 2n , . . . , E nn )) → E 11 , 
are measurable from X × C to B when C is equipped with the Borel structure obtained from the product topology. By Lemma 14.3.1 in [16] , there is a Borel µ-null subset X 1 of X such that, when restricted to X \ X 1 , these maps are all Borel measurable. Let N = X 0 ∪ X 1 . It follows that µ(N) = 0. Let η be the set of elements NoteX 0 is a µ-null subset of X and {p i,s ∈ M s : 2 ≤ i ≤ n, s ∈ X} is a family of projections satisfying p(s), p 2,s , . . . , p n,s are n orthogonal equivalent projections in M s for all s ∈ X \X 0 . For each s ∈ X\X 0 , since M s is a type II 1 factor, there is a system of matrix units {E ij : 1 ≤ i, j ≤ n} such that (a) E 11 = p(s) and (b) E ii = p i,s for each 2 ≤ i ≤ n. From arguments in the preceding paragraph, it follows that (s, (E 11 , E 12 , . . . , E 1n , E 21 , . . . , E 2n , . . . , E nn )) satisfies conditions (i), (ii) and (iii) for every s ∈ X \ N. Therefore π(η) = X \ N. For all s ∈ X, all i, j ∈ {1, 2, . . . , n} and two vectors x, y ∈ H, we have 
Proof. We will use Pisier's trick in [20] to prove the result.
x ij x * ij ) 1/2 . Let A be the unital C * -subalgebra of M generated by {x ij :
1 ≤ i, j ≤ n}. By Theorem 14.1.13 in [16] and the fact that A is a separable C * -algebra, we know that A = X A s dµ and the map y → y(s) from A to A s is a unital * -homomorphism for almost every s ∈ X. It follows that a(s) = ( n i,j=1
Without loss of generality, we might assume a(s) = ( n i,j=1
Note that a is a positive element in M. By functional calculus, we know there exist an positive integer k, a family of positive numbers λ 1 , . . . , λ k and orthogonal projections P 1 , . . . , P k in M such that
Thus P 1 (s), . . . , P k (s) are orthogonal projections in M s and
for almost every s ∈ X. From (4.9) and (4.11), it follows that
We have
By (4.12) and (4.14),
Since M s is a type II 1 factor for every s ∈ X, there exist projections p 2,s , p 3,s , . . . , p n,s in M s such that {p 1 (s), p 2,s , . . . , p n,s } are orthogonal equivalent projections in M s . By Lemma 4.2, there exist projections p 2 , p 3 , . . . , p n in M such that p 1 , p 2 , . . . , p n are n orthogonal equivalent projections in M.
Again, note that b is a positive element in M. By functional calculus, we know there exist an positive integer k ′ , a family of positive numbers α 1 , . . . , α k ′ and orthogonal projections
Without loss of generality, we can further assume that
By a similar argument as the last paragraph, we obtain a spectral projection
and projections q 2 , q 3 , . . . , q n such that q 1 , q 2 , . . . , q n are n orthogonal equivalent projections in M and
In the following we show that h ij ≤ 3ǫ √ n. By Proposition 14.1.9 in [16] , h ij is the essential bound of { h ij (s) : s ∈ X}. So it suffices to show that h ij (s) ≤ 3ǫ √ n for almost every s ∈ X. For every s ∈ X,
We have, from (4.10) and (4.15),
and
for almost every s ∈ X.
It follows from (4.17), (4.18) and (4.19) that for any i, j ∈ {1, 2, . . . , n},
The proof is complete.
Now we are ready to prove the following result as a generalization of Theorem 13 in [20] .
Proof. To show that d(M) = l(M) ≤ 5, it suffices to prove that there exists a positive scalar k such that for any n ∈ N and any x = (x ij ) ∈ M n (M),
In the following we fix n ∈ N and x = (x ij ) ∈ M n (M). We may assume that x = 1. Let F = {x ij } n i,j=1 be a finite subset of M. Note M is a countably decomposable type II 1 von Neumann algebra with Property Γ. From Lemma 3.6, it follows that there exists a von Neumann algebra M 1 with separable predual and with Property Γ such that F ⊆ M 1 ⊆ M. It is easy to see from Definition 4.1 that
Hence, to prove the theorem, it suffices to show that there exists a universal constant k > 0 such that
Replacing M by M 1 , we can assume that M has separable predual and Property Γ. Since M has separable predual, by Proposition A.2.1 in [14] , there is a faithful normal representation π of M on a separable Hilbert space H. Replacing M by π(M) if necessary, we assume that M is acting on a separable Hilbert space.
Let Z M be the center of M. Let M = X M s dµ and H = X H s dµ be the direct integral decompositions of M and H relative to Z M as in Lemma 2.4. By Proposition 3.12 in [23] , we may assume that M s is a type II 1 factor with Property Γ for every s ∈ X. For any ǫ > 0, applying Corollary 4.2 in [23] , we obtain n orthogonal equivalent projections p 1 , p 2 , . . . , p n in M summing to I such that n i,j=1 20) where · 2,s is the 2-norm induced by the unique trace τ s on M s for s ∈ X almost everywhere. Decompose we obtain that x (5,M) ≤ 3. Therefore
Similarity degree of a class of C * -algebras
In this section we will deal with the similarity degree of a class of C * -algebras with certain properties. We will conclude that d(A) ≤ 3 if A is a separable unital Z-stable C * -algebra. The following lemma is well-known (see Remark 6 in [19] ). Proof. Since M 1 is of type I, it has finite similarity degree. Because M c∞ is of type II ∞ and M ∞ is of type III, there is no tracial state on M c∞ ⊕ M ∞ . By Theorem 8 in [20] , M c∞ ⊕M ∞ has finite similarity degree. Since M c 1 is countably decomposable and has Property Γ, by Theorem 4.4, d(M c 1 ) ≤ 5. It follows from Lemma 5.1 that M has finite similarity degree. Therefore by [5] there exists an invertible positive operator t ∈ B(H) such that
Let I = ker(π). Then I is a two-sided idea in M and is closed in σ(M, M ♯ ) topology. From Proposition 1.10.5 in [24] , it follows that there is a central projection p in M such that
By the choice of p, we know that φ p and π p are injective homomorphisms from (I − p)M to B(H) such that φ p = φ , φ p cb = φ cb , and φ p (·) = tπ p (·)t −1 . Moreover, by the fact that p is a central projection, we have
and (I − p)M c 1 is a type II 1 von Neumann algebra with Property Γ. Replacing M, φ, and π by (I − p)M, φ p , and π p if necessary, we might assume that φ is an injective homomorphism and π is a * -isomorphism.
Dividing t by t if necessary, we assume that t = 1.
Let ( Let p 1 , p 2 , p 3 be central projections in M with sum I such that
By assumption on M, we know that M c 1 is a type II 1 von Neumann algebra with Property Γ. Moreover q i = π(p i ) is a central projection in π(M) for each i = 1, 2, 3 and we can decompose
where
Since π is W OT -W OT continuous when restricted to bounded subsets of M, each π i is W OT -W OT continuous on bounded sets of M. If one of π 1 , π 2 , π 3 is trivial, the following proof will be simplified. Here we assume that they are all nontrivial. By a similar argument as the preceding paragraph, we obtain that π i (M) is a von Neumann algebra over q i H for i = 1, 2, 3. Since π is a * -isomorphism from M c 1 onto π(M c 1 ) = π 2 (M c 1 ) and M c 1 is a countably decomposable type II 1 von Neumann algebra with Property Γ, π 2 (M c 1 ) is a countably decomposable type II 1 von Neumann algebra with Property Γ. Let c = φ . It follows that for any a ∈ (M) 1 ,
Since π(·) = tφ(·)t −1 and t is positive, we obtain that for any a ∈ (M) 1 ,
Since π is a * -isomorphism between M and π(M), we know that
To show φ cb ≤ c 3 , we just need to prove that for any n ∈ N and any unitary U ∈ M n (M),
is the n−folded map of π. Now fix n ∈ N, ǫ > 0 and a unitary U ∈ M n (M). Let x = (x 1 , x 2 , . . . , x n ) be a unit vector in H n . Denote
In the following we will carry out computations according to the representations π 1 , π 2 , π 3 and prove inequality (5.3) in each case. We will first replace t 2 by an element that commutes with q 1 , q 2 and q 3 . Note π 2 (M c 1 ) is a countably decomposable type II 1 von Neumann algebra with Property Γ. Thus there exists a faithful normal tracial state ρ on π 2 (M c 1 ). Let · 2 be the 2-norm induced by ρ on π 2 (M c 1 ). Then 2-norm topology coincides with the strong operator topology on bounded subsets of π 2 (M c 1 ). It follows from Corollary 3.4 in [23] that we can obtain n orthogonal equivalent projections r 1 , r 2 , . . . , r n in π 2 (M c 1 ) with sum q 2 such that, for each i ∈ {1, 2, . . . , n},
From the fact that projections r 1 , r 2 , . . . , r n are orthogonal equivalent projections in π 2 (M c 1 ), there exists a system of matrix units {r ij : i, j = 1, 2, . . . , n} ⊆ π 2 (M c 1 ) in such that r ii = r i for each i. Denote by N the von Neumann algebra generated by {r ij : i, j = 1, 2, . . . , n}. Since m ∈ R ′ , it commutes with π 1 (M). Thus I n ⊗ m 1 commutes with π (n) 1 (M). So we obtain that (π 1 ) (n) (U)(I n ⊗ m 1 )(π 1 ) (n) (U * ) = (I n ⊗ m 1 )(π 1 ) (n) (U)(π 1 ) (n) (U * ) = I n ⊗ m 1 . (5.10)
Since m ∈ R ′ and K = B ′ ∩ π 3 (M), we get m 3 ∈ K. Combining inequality (5.9) with the facts that B ∼ = B(l 2 (N)), π 3 (M) ∼ = B ⊗ K and m ∈ K, we conclude that
In the following we will deal with (π 2 ) (n) and M c 1 . We will use arguments similar to the ones used in the proof of Lemma 5 in [20] and in the proof of Theorem 2.3 in [6] .
Recall r 1 , r 2 , . . . , r n are orthogonal equivalent projections in π 2 (M c 1 ) such that r 1 + r 2 + · · · + r n = q 2 .
(5.12)
Also recall that {r ij : i, j = 1, 2, . . . , n} is a system of units of N satisfying, for each i ∈ {1, 2, . . . , n}, we have r ii = r i and (I n ⊗ (1 − r i )) (π 2 ) (n) (U 2 ) (I n ⊗ r i ) x (2) ≤ ( ǫ n 3 ) 1/2 . (5.13)
Let (e ij ) be a system of matrix units for M n (C). For k = 1, 2, . . . , n, let
e i1 ⊗ r ki .
Therefore for each k = 1, . . . , n, f k f * k = I n ⊗ r k , f * k f k = e 11 ⊗ q 2 and f k (I n ⊗ m 2 ) = (I n ⊗ m 2 )f k . (5.14)
Since m ≤ 1, by equation (5.12) and inequalities (5.13), (5.14) we obtain (π 2 ) (n) (U)(I n ⊗ m 2 )(π 2 ) (n) (U * )x (2) , x
= n i,j,k=1 (I n ⊗ r i )(π 2 ) (n) (U)(I n ⊗ r j )(I n ⊗ m 2 )(π 2 ) (n) (U * )(I n ⊗ r k )x (2) , x
≤ n k=1 (I n ⊗ r k )(π 2 ) (n) (U)(I n ⊗ r k )(I n ⊗ m 2 )(π 2 ) (n) (U * )(I n ⊗ r k )x (2) , x (2) + ǫ
For each k ∈ {1, 2, . . . , n}, let
and a k = f * k (π 2 ) (n) (U)f k (5.16)
By the choice of f k , we have a k = (e 11 ⊗ q 2 )a k (e 11 ⊗ q 2 ) and
Denote a k = e 11 ⊗ a . So 
